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Abstract

In this paper, we estimate the maximum number of zeros of polar
derivatives of polynomials by considering more general coefficient
conditions in a prescribed region. The results which we obtain
generalize and improve some of the well known resuilts.

1. Introduction

Let D,P(z) = nP(z)+ (o — z)P'(z) denote the polar derivative of a
polynomial P(z) of degree n with respect to real or complex number o.
Then polynomial D, P(z) is of degree at most n—1 and it generalizes the
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ordinary derivative in the sense that lim,_, %(Z) = P'(z). Many results

on the location of zeros of polynomials and zeros of polar derivatives are
available in the literature [1-5]. Concerning the number of zeros of the

polynomial in the region | z| < % the following result is due to Mohammad
[6].

Theorem A. Let P(2) = Zinzoaizi be a polynomial of degree n such
that 0 < ag < a; <---<ap_q < a,. Then the number of zeros of P(z) in

1 1 a,
<= —= _logn
|z| < 5 doesnot exceed 1+ IogZIOgao'

In this paper, we prove the following results.

Theorem 1. Let P(z) = Zinzoaizi be a polynomial of degree n with
Re(a) = o4, Im(g)=p; for i=0,12, ..,n and D,P(z) =nP(z)+
(oo — z)P'(z) be the polar derivative of P(z) with respect to a real number

a such that aay + ag # 0 and
[i +2]agio +[N=(i +D]ajq = ( +Daojqg +(n—i)a,
[i + 2oy + [N =+ DIBivg = (i + DoPiag + (N - )P,
for i=0,142..,n-2 Then the number of zeros of D,P(z) in

|z|s§(C>L R > 0), does not exceed

Rn[l nady + an_1 |+ nafon + Bnl+ [on_g + Pn-1]

1 |Og _a[al+Bl]_n[aO+BO]+|aal+na0|]’ if R>1
logC | agq + nag |
and

Rl naa, + an_1 |+ nafon + Bl + [on_1 + Bn_1]

1 Iog _a[al+Bl]_n[aO+B0]+|aal+nao |] if R<1
logC | agy + nag |
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Corollary 1. Let P(z) = Zin:oai Z bea polynomial of degree n with
Re(g) = ¢, Im(@)=p; for i=012 ..,n and D,P(z) =nP(z)+
(oo — z)P'(z) be the polar derivative of P(z) with respect to a real number
o such that aay + ag # 0 and
[i +2]aoio +[n=(i +D]ajq = ( + oo +(n—i)ay,

for i=0,42 ..,n-2 Then the number of zeros of D,P(z) in

|z| <r,0<r <1 doesnot exceed

[| nooly, + On_1 | + Naway, + oy — aay — Nog + | ooy + ag

. +zzin:_01|(i +Dapi+ (N -1)B; q

log
Iog% | oy + nag |

Corollary 2. Let P(z) = Zin:oaizi be a polynomial of degree n
with real coefficients and D, P(z) = nP(z) + (a. — ) P'(z) be the polar
derivative of P(z) with respect to a real number o such that agq + ag # 0

and [i +2]oaj,o +[N—-(i+D]g 1 = (i +Dog,q1+(n—i)a, for i =0,

1, 2, ..., n— 2. Then the number of zeros of D,P(z) in |z|< % does not

exceed
1 log [ noa, + an_q |+ noa, + an_q — a3 — ag + | ey + nag []
log2 | gy + Nnag | '

Remark 1. Taking R=1, C = % 0 < r <1, removing conditions on f;
in Theorem 1 and rearranging coefficients, we get Corollary 1.

Remark 2. Taking R:lC:% and Bj =0 for i=0,1..,n in

Theorem 1, we get Corollary 2.
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Theorem 2. Let P(z) = Zin:oai 7 bea polynomial of degree n with

Re(g)=a;, Img)=p; for i=0,142 ..,n and D,P(z) = nP(2) +
(oo — z)P'(z) be the polar derivative of P(z) with respect to a real number

o such that aay + ag # 0 and
[l +2]aaj,p +[N—( +D]ajq <( +Dajq +(N—i)a,
[i + 2]apio + [N = (i + DIBisg < ( + DaPiyg + (N - DB,
for i=0,142 ..,n-2 Then the number of zeros of D,P(z) in
|z| < g (C>1 R> 0), does not exceed
R"[| noay +an_g | - nofon +Bnl = [oin-1 + Bn-1]

1 IOg +(X[(11+l31]+n[a0+l30]+|aa1+nao|] . if R>1
logC | agq + nag |

and

Rl naay + an_g | - nafon = Bn]+ (o1 + Bp-il
1 log +0L[(>‘1‘*‘l~3’1]+n[OLO‘*‘|~)’O]"'|OL‘311‘*‘naO” . if R<1.
logC | aiay + nag |

Corollary 3. Let P(z) = Z;Loai Z bea polynomial of degree n with

Re(g) =ai, Im(@)=p; for i=012 ..,n and D,P(z) =nP(z)+
(o — 2)P'(2) be the polar derivative of P(z) with respect to a real number

o such that aay + ag # 0 and
[i +2]agio +[n=(i +D]aj g <( +ao g +(n—i)ay,
for some i =0,1 2, .., n—2. Then the number of zeros of D,P(z) in

|z|s%,doesnotexceed
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[| nool, + Oln_q | — Nty + ap_q — aoy + Nog + | aoy + ag |

. +22in:_§| (i + Do+ (N —1)B; q

log | agy + nag |

log 2

Corollary 4. Let P(z) = Z;Loaizi be a polynomial of degree n with
real coefficients and D, P(z) = nP(z) + (o — z)P'(z) be the polar
derivative of P(z) with respect to a real number o such that agq + ag # 0
and [i + 2Joa o +[N=(i +1)]a,1 < (i +Doa g +(n—i)a, for i =0,
1, 2, .., n—2. Then the number of zeros of D,P(z) in |z|<r,0<r<1
does not exceed

1 6 | naa, + an_1 | — Nooy — an_g + ooy + Nog + | gy + Nag |[]
g | agy + nag | '

IogF

1

Remark 3. Taking R=1,C = o and removing conditions on B; in

Theorem 2, we get Corollary 3.
Remark 4. Taking R=1, C:%, O<r<1and B; =0 for i =0,
1, ..., n in Theorem 2, and by rearranging coefficients, we get Corollary 4.

By rearranging the coefficient in Theorems 1 and 2, we get the following
Theorems 3 and 4.

Theorem 3. Let P(z) = Z;Loaizi be a polynomial of degree n with

Re(g)=aj, Ima)=p; for i=0,12 ..,n and D,P(z) = nP(z) +
(o — 2)P'(2) be the polar derivative of P(z) with respect to a real number

o such that aay + ag # 0 and
[i +2]agio +[N=(i +D]ajqg = ( +Daojqg +(n—i)a,

[i + 2]apio + [N = (i + DIBisg < ( + DaPiyg + (N - DB,
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for i=0,142..,n-2 Then the number of zeros of D,P(z) in
|z| < g (C > 1, R > 0), does not exceed
Rn[l naa, + an_g |+ nafo, —Bnl+[on_g — Bryl

L o —afoy —By] - nfag —Bol +| oy + 3] , if R21
logC | oay +nag |

and

R naa, + a1 | + nofo, = Bpl + [on_1 — Bn-1]
1 log —afoy = Bg] = nfag —Bo] + | aey + ag ] CifR<L
logC | agq + nag |

Theorem 4. Let P(z) = Z;Loai Z bea polynomial of degree n with
Re(g)=a;, Ima)=p; for i=0,12 ..,n and D,P(z) = nP(2) +
(o — 2)P'(2) be the polar derivative of P(z) with respect to a real number

o such that aay + ag # 0 and
[i +2]agio +[N=(i + D] <( +Daojqg +(n—i)a,
[i + 2]apio + [N = (i + DIBisy = (1 + DaPiyg + (N - DB,

for i=0,12..,n-2 Then the number of zeros of D,P(z) in

|z| <r, 0<r <1 doesnot exceed

[| naan + a,_1 | - nafoy, = Bnl = [on_1 — Bn_1]

L |og + ofog —Pa] + nfog — Po] + | ozy + nag |
Iog% | agy + nag |

We need the following lemmafor the proofs of the above theorems.
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2. Lemma
Lemma 1 [7]. If f(z) isregular, f(0)=0 and | f(z)| < M(R) in

| z| < 1. Then the number of zeros of f(z) |n|z|< , (C>1 R> 0) does

M(R)
FO)[

not exceed Iog |

3. Proof of the Theorems

Proof of Theorem 1. Let P(2) = a,z" + ap_12" > +---+ &z + 3y bea
polynomial of degree nwith Re(aj) = o, Im(a;) =B; for i =0,1 2, ..., n

Denote by D,P(z) = nP(z) + (o« — z)P'(z) to be the polar derivative of
P(z) with respect to the real number o of degree n — 1. Thisimplies

D,P(2) = [naa, + ay_1]2" 1+ [(n - Daay_q + 2an_5]z" 2

+[(n-2)aay_5 + 33,_3]2" "> + - + [Boag + (N — 2)a,] 22
+[208y + (N = 1)ag]z + [0ag + Nag].
Now consider the polynomial Q(z) = (1— z)D,P(z) sothat
Q(2) = -[noay + a,_1]2" + [noa, + {1 - (" - Dajag g - 2a,_]2"
+[(n-Daan_y + {2 (n - 2)a}ay_, - 3a,_3]2" 2
+ o+ [3oag + {(n - 2) — 2a}a, — (N —1)a]Z2
+[208, + {(n— 1) — a}ay — nag]z + [aay + nag]

= —[noay, + an_4]2"

n-2

+ 3 [li+ 2oz + (0= +D]-[i + Ya)ag - (n-i)a]2
i=0

+ [oag + nag].
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For | z| < R, wehave

|Q(2)| <|naay, + a4 |R"

n-2 .
+ D Il +2Jodi o+ (=i +D]-[ + o) a1 - (n-1)&] R
i=0
+|aaq + nag |

<|noa, + a,_1|R"

n-2 .
+ D Ml +2Jacip +((n—( +D]-[i +Ua)ojug — (N—i)o5 ] |R
i=0

n-2 .
+ D | [li+ 2oz + (=i +D]-[i + Uo)By — (- ]| R

i=0

+|agy + nag |

<|noa, +a,_1|R"

n-2 )
+ D Ml +2aog,p +([n— (i +1)]-[i + Yo)aj g~ (N—i)oy R
i=0

n—2 .
+ D [li+2]opip+([(n— G +D]-[i +Wo)Biyy — (n-i)B; IR

i=0

+|aaq + nag |

Rn“ na.ay + an_g | + nafo, + Bn]+[on_g + Bl
—a[oc1+Bl]—n[oc0+Bo]+|oca1+nao|], if R>1,
Rl noay + a1 |+ nafon + Bnl+ [on-1 + Bn-1l
—afoq + B1] - nfog + Boll + | aaq + Nag |, if R<1

<

(1)
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Applying Lemma 1 to Q(z), we get that the number of zeros of Q(z) in

|z|£§(C >1 R > 0), does not exceed

R"[| naay, + an_1 |+ nafay + B+ [an_1 + Br_1]

(I) 1 IOg —O(.[(l1+Bl]— n[ao +BO]+|aal+ N3 |] if R>1
logC | gy + nag | ’ -
and
Rl naia, + an_q |+ nafon + Bl +[on_g + Bl
(ii) 1 log - OL[Of'l + Bl] - n[O('O + BO] + | 08y + N3 |] if R<1
logC | gy + nag | ' -

Hence the number of zeros of D,P(z) in | z|< g (C>1LR>0) is
equal to the number of zerosof Q(z) in|z| < g (C>1).

This completes the proof of Theorem 1.

Proof of Theorem 2. Consider the polar derivative of the polynomial
P(z) as in the proof of Theorem 1. From equation (1) in the proof of

Theorem 1, we have
|Q(2)| <|naay, + a4 |R"

n-2 .
+ ) [lli+2Jaoi, o + (- + D]~ [ +Ya)a,g - (n—i)ey]|R
i=0

n-2 .
+ Y |+ 2oz + (= +D]-[i +Ya)Bry—(n-i)B; ]|R

i=0

+|aay + nag |

<|noa, +a,_1|R"



90 P. Ramulu and G. L. Reddy

n-2 .
+ > [(n=i)aj + (@i + o~ [n= (i + DDatjyq — [i + 2Jaoy,o]R
i=0

n-2 .
+ > (=) + (i + Yoo~ [n = (i + DDBj1q — [i + 2Japi,o]R
i=0

+|aay + nag |

R"[| naay + aq_1 | - nafon + Bnl - [on_g + ]+ afoy + By
< +nfog +Bol+|aa +nag|], if R>1,
R[| noa, + a1 | — nafon + Bpl—[an_1 + Bn_g] + afog + 1]
+nfag + Boll + | oay + nag|, if R<1.

Applying Lemma 1 to Q(z), we get that the number of zeros of Q(z) in

|z|s§(C>L R > 0), does not exceed

R"[| naay, + ap_1 | - nafoy + Bl —[on 1 + Bnil

(I) 1 Iog +a[al+Bl]+ n[aO +BO]+|aa1+ Nag |] if R>1
logC | gy + nag |
and
Rl naay +an_1 |~ nafon +Bn]-[on_1 + Bn-il
+ afoy + Byl + nog + Bol + | oag + nag |] it R<1

(i) ——1lo
logC g | gy + nag |
Hence the number of zeros of D, P(z) in | z|< g (C>1LR>0) is

also equal to the number of zerosof Q(z) in | z| < g (C >1).

This completes the proof of Theorem 2.

Similarly we can prove Theorem 3 and Theorem 4.



(1]

(2]

(3]

(4]

(5]

(6]

(7]

Number of Zeros of Polar Derivatives of Polynomials 91

References

G. Enestrom, Remarquee sur un théoréme relatif aux racines de 1’equation

a, +---+ay =0 oii tous les coefficient sont et positifs, To6hoku Math. J.
18 (1920), 34-36.

S. Kakeya, On the limits of the roots of an algebraic equation with positive
coefficient, Téhoku Math. J. 2 (1912-1913), 140-142.

P. Ramulu, Some generalization of Enestrom-Kakeya theorem, International
Journal of Mathematics and Statistics Invention (IIMSI) 3(2) (2015), 52-59.

P. Ramulu and G. L. Reddy, On the Enestrom-Kakeya theorem, Int. J. Pure Appl.
Math. 102(4) (2015), 687-700.

P. Ramulu, G. L. Reddy and C. Gangadhar, On the zeros of polar derivatives of
polynomials, Journal of Research in Applied Mathematics 2(4) (2015), 07-10.

Q. G. Mohammad, On the zeros of the polynomials, Amer. Math. Monthly
72(6) (1965), 631-633.

M. H. Gulzar, Number of zeros of a polynomial in a given circle, Research
Inventy: International Journal of Engineering and Science 3(10) (2013), 12-17.





